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Wall function boundary conditions that include the effects of compressibility and heat transfer are developed for
transport-type turbulence models. The wall functions are based on coupled velocity and temperature profiles valid
in both the viscous sublayer and the log layer. The wall function boundary conditions are developed within a rigid
set of assumptions so that a consistent set of relationships are derived for the wall shear stress, the wall heat transfer,
and the turbulence quantities at the first point off the wall. The new boundary conditions are incorporated into a
Navier–Stokes computational fluid dynamics code that includes the Spalart–Allmaras and shear stress transport
turbulence models. The wall function boundary conditions produce reasonable engineering solutions for the test
cases presented for initial wall spacings of y+ <– 100.

Nomenclature
B = law-of-the-wall constant
C f = skin friction
Ch = Stanton number
Cp = pressure coefficient
Cµ = two-equation turbulence model eddy-viscosity constant
Cν1 = Spalart–Allmaras turbulence model constant
K = molecular thermal conductivity
Kt = turbulent thermal conductivity
k = turbulent kinetic energy
M = Mach number
P = pressure
Pr = molecular Prandtl number
Pt = total pressure
qw = wall heat transfer
Re = Reynolds number
Rex = Reynolds based on the distance from the leading

edge of a plate
r = recovery factor, Pr 1/3

T = temperature
Tt = total temperature
Tw = wall temperature
u = velocity parallel to the wall
uτ = friction velocity,

√
(τw/ρw)

y = coordinate direction normal to the wall
ε = turbulent dissipation
κ = law-of-the-wall constant
µ = molecular viscosity
µt = eddy viscosity
µw = wall molecular viscosity
ρ = density
ρw = wall density
τw = wall shear stress
ω = specific turbulent dissipation
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Introduction

T URBULENT transport models that are applicable all of the
way to the wall are called low-Reynolds-number turbulence

models because they are valid at low turbulent Reynolds numbers
[ρk2/(µε)]. Low-Reynolds-number models require tight grid spac-
ing near the wall to resolve the large gradients in velocity, tem-
perature, and turbulent quantities near the wall. This can lead to
large grid requirements for three-dimensional Navier–Stokes ap-
plications. The stability of a numerical algorithm is limited by the
smallest cell size in a grid, so that the small cells near the wall
can severely restrict the maximum allowable time step for a prob-
lem. The near-wall turbulence damping terms are often expressed
in terms of exponential functions. This can lead to difficulties in
converging the numerical solution in the near-wall region.

Turbulence models that do not include wall correction terms in
the differential equations are called high-Reynolds-number turbu-
lence models. High-Reynolds-number turbulence models rely on
empirically derived algebraic models of the near-wall region of the
boundary layer to provide boundary condition information to the
mean flow Navier–Stokes equations at the first point off the wall.
These models of the near-wall region are called wall functions. Be-
cause the high-gradient region near the wall is modeled with these
empirical relationships, the first point off the wall may be placed
much farther away than with low-Reynolds-number models. This
reduces the number of points required to discretize a flowfield and
increases the maximum allowable time step. Both of these advan-
tages are especially useful in modeling unsteady viscous flows.

Most of the early wall function boundary conditions were based
on the analysis of Millikan1 and Tennekes and Lumley2 for chan-
nels and flat plates. Most of the early models did not include the
effects of pressure gradient or heat transfer. Nichols,3 Viegas et al.,4

and Smith5 have all developed wall functions that included heat
transfer at the wall. These formulations were not based on a single
unified velocity profile, so that the wall functions were often discon-
tinuous in the transition region from the sublayer to the log layer.
Wilcox6 introduced a wall-matching methodology in which a set of
differential equations were used to integrate from the wall to the
first point off the wall. The wall-matching strategy requires a differ-
ent set of differential equations for each different turbulence model.
Frink7 developed a set of wall functions for adiabatic walls based on
the unified theory of Spalding.8 Shih et al.9 describe a unified wall
function also based on Spalding’s work, which includes pressure
gradient effects but does not include coupling with heat transfer at
the wall. This paper describes a wall function boundary condition
based on coupled velocity and temperature boundary-layer profiles
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that are applicable to incompressible flows, compressible flows, and
flows with heat transfer. The wall function boundary conditions are
developed within a rigid set of assumptions so that a consistent set
of relationships are derived for the wall shear stress, wall heat trans-
fer, and the turbulence quantities at the first point off the wall. This
paper also describes the methodology for implementing the wall
function boundary condition into a Navier–Stokes flow solver. The
wall functions described here are compatible with most transport-
type turbulence models.

Theory
There are six fundamental assumptions used in the development

of wall function boundary conditions for compressible flows:
1) Analytical expressions are available for the velocity and tem-

perature profiles in the lower part of the boundary layer.
2) Analytical expressions are available for the turbulent transport

variables at the first point off the wall.
3) There is no pressure gradient normal to the wall in the lower

part of the boundary layer.
4) The shear stress, τw = τ = (µ + µt )(∂u/∂y), is constant in the

lower part of the boundary layer.
5) The heat transfer, qw = q = (K + Kt )(∂T /∂y), is constant in

the lower part of the boundary layer.
6) There are no chemical reactions, that is, the chemistry is frozen,

in the lower part of the boundary layer.
Several empirical relationships are available for the velocity in a

boundary layer that can be used to develop wall function boundary
conditions. A typical boundary-layer velocity profile is shown in
Fig. 1. The simplest form is the adiabatic incompressible universal
law-of-the-wall

u+ = (1/κ) log(y+) + B (1)

where u+ and y+ are defined as

u+ = u/uτ (2)

y+ = ρwuτ y/µw (3)

The universal law-of-the-wall is valid for the y+ range of about
30 < y+ < 1000. The velocity in the sublayer, 0 < y+ < 10, is given
by

u+ = y+ (4)

The sublayer must be blended with the law-of-the-wall to cover the
interim region. Spalding8 suggested a unified form valid for the log
layer and the sublayer as well as the transition region. This form is
given by

y+ = u+ + e−κ B
[
eκu+ − 1 − κu+ − (κu+)2/2 − (κu+)3/6

]
(5)

Note that the e−κ Beκu+
term in Eq. (5) is a restatement of the in-

compressible adiabatic law-of-the-wall [Eq. (1)]. The constants κ
and B are generally taken as 0.4 and 5.5, respectively. The wall
function boundary condition can be tuned for such effects as sur-
face roughness by adjusting the κ and B constants. Compressibility
and heat transfer effects can be included by replacing the incom-
pressible adiabatic law-of-the-wall term in Spalding’s equation (5)

Fig. 1 Typical boundary layer profile.

with the outer velocity form of White and Christoph.10 White and
Christoph’s outer velocity is given by

u+ = (1/2�)
{
β + Q sin
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1
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0 = e−κ B (7)

The nondimensional parameter � models compressibility effects,
and the parameter β models heat transfer effects. The wall shear
stress τw appears in the definitions of u+, y+, �, and β. The wall
heat transfer qw appears only in the definition of β. The original
formulation of the outer velocity also included a parameter for pres-
sure gradient in Eq. (10). The pressure gradient parameter has been
ignored in this effort because of the difficulty of determining a pres-
sure gradient parameter for general three-dimensional flows. The
outer velocity form of White and Christoph reduces to the standard
law-of-the-wall [Eq. (1)] for incompressible adiabatic flow. Equa-
tion (5) can then be written as

y+ = u+ + y+
White − e−κ B[1 + κu+ + (κu+)2/2 + (κu+)3/6] (8)

where

y+
White = exp

(((
κ
/√

�
){sin−1[(2�u+ − β)/Q] − φ}))e−κ B (9)

The temperature distribution within the boundary layer is given by
the Crocco–Busemann equation10

T = Tw[1 + βu+ − �(u+)2] (10)

Hence, the boundary-layer profile is defined in terms of the shear
stress τw and the wall heat transfer qw . For adiabatic wall cases,
qw = 0, and the Crocco–Busemann equation reduces to

T = Tw{1 + [(γ − 1)r/2]u2} (11)

White and Christoph validated the ability of their outer law to predict
skin friction with experimental data for 426 adiabatic wall cases and
with 147 cold-wall cases in Ref. 10 and found that the absolute error
[(1/N )

∑ |ei |] was 5.17% for the adiabatic cases and 12.29% for
the cold wall cases. The absolute error of their correlation was about
the same as the best boundary-layer correlations of the time.

The wall shear stress for adiabatic flows is determined as follows:
1) Set the velocity at the wall to zero for nonmoving body prob-

lems or to the grid velocity for moving body problems.
2) Given the velocity and temperature at the first point off the

wall; solve Eq. (11) for the wall temperature Tw .
3) Extrapolate the pressure from the first point off the wall and

solve for the wall density ρw using the equation of state.
4) Iteratively solve Eq. (8) for the wall shear stress τw in the wall

coordinate system given the distance of the first point off the wall
from the wall.

5) Rotate the stress tensor into the computational coordinate
system, and replace the viscous flux calculation at the wall for
cell-centered algorithms or at the half-node for node-centered
algorithms.

The wall shear stress and the heat transfer for constant temperature
wall flows are determined as follows:

1) Set the velocity at the wall to zero for nonmoving body prob-
lems or to the grid velocity for moving body problems.

2) Extrapolate the pressure from the first point off the wall and
solve for the wall density using the equation of state with the given
wall temperature.

3) Iteratively solve Eqs. (8) and (10) for the wall shear stress τw

and heat transfer qw in the wall coordinate system given the distance
of the first point off the wall from the wall.
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4) Rotate the stress tensor and the heat transfer vector into the
computational coordinate system, and replace the viscous flux cal-
culation at the wall for cell-centered algorithms or at the half-node
for node-centered algorithms.

One approach to introducing the wall function corrected wall
shear stress and heat transfer into the calculation of the viscous
fluxes has been to calculate an effective wall eddy viscosity so that
the discrete shear stress at the first-half point off the wall given by

τ1.5 = [(µ1 + µ2)/2 + (µt1 + µt2)/2][(u2 − u1)/(y2 − y1)] (12)

yields the correct value for the wall shear stress. Unfortunately, this
approach introduces errors into the energy equation because the
slope of the temperature derivative will not be calculated correctly,
that is, a separate effective wall eddy viscosity would be required
for the temperature.

Sondak and Pletcher11 describe a procedure to perform a trans-
formation of the stresses for generalized coordinate systems. Al-
though this transformation is much more general than the effective
wall eddy-viscosity approach and introduces no error in the energy
equation, it is also much more complex. In their transformation, the
wall function-generated wall shear stress is assumed to be in the wall
coordinate system, that is, a system aligned with velocity vector at
the first point off the wall and the normal vector to the wall. This is
not always the case for separated flows, but the assumption seems
to produce reasonable results even when the flow is separated.

Another method of correcting the computational shear stress at the
wall with the wall function value is to calculate the ratio of the mag-
nitude of the computed wall shear stress to the wall function value
and then scale the computed values by this ratio. This is equivalent
to performing the transformation of Sondak and Pletcher11 and is
much simpler to apply. The temperature derivative at the wall may
be treated in a similar manner.

Once the wall shear stress has been calculated, the turbulence
transport variables must be determined at the first point off the wall.
The eddy viscosity at the first point off the wall for incompressible
adiabatic flow can be found using the constant stress assumption to
be

µt/µw = κe−κ B
[
eκu+ − 1 − κu+ − (κu+)2/2

]
(13)

The equivalent form of the eddy viscosity for compressible flows
with heat transfer can also be found using the constant stress as-
sumption. The eddy viscosity is given by

µt

µw

= 1 + ∂y+
White

∂y+ − κe−κ B

(
1 + κu+ + (κu+)2

2

)
− µw + 1

µw

(14)

where µw + 1 is the molecular viscosity at the first point off the wall
and ∂y+

White/∂y+ is given by

∂y+
White

∂y+ = 2y+
White

κ
√

�

Q

[
1 − (2�u+ − β)2

Q2

] 1
2

(15)

Equation (14) reduces to Eq. (13) for adiabatic incompressible
flows. This eddy-viscosity formulation provides a Wilcox6-like wall
matching for the turbulence variables if the eddy viscosity is used
to define the turbulence variable at the first point off the wall. This
eddy-viscosity formulation is independent of the turbulence model
chosen.

Turbulence Model Boundary Conditions
The values of the transport model turbulence variables at the

first point off the wall must also be defined. The values for the
Spalart–Allmaras12 variable ν̃ can be found by iteratively solving
the following equation:

ν̃4 = µt ν̃
3 + µt C

3
v1 (16)

The turbulent kinetic energy and turbulent dissipation at the first
point off the wall for k–ε turbulence models are given by

k = u2
τ

/√
Cµ (17)

ε = Cµρk2
/

µt (18)

The turbulent kinetic energy and specific turbulent dissipation at
the first point off the wall for k–ω and shear stress transport (SST)
turbulence models are given by

ωi = 6µw

0.075ρw y2
(19)

�o = uτ√
Cµκy

(20)

� =
√

� 2
i + � 2

o (21)

k = �µt

ρ
(22)

The two-level model for ω in Eqs. (19–22) was suggested by Veiser
et al.13

Additional Modifications to Flow Solvers for Wall Functions
Most upwind flow solvers require no further modifications than

the inclusion of the corrected wall stress and heat transfer in the
viscous flux calculations. The smoothers used with central differ-
ence algorithms require some additional modifications. The fourth-
order smoother used to maintain numerical stability will produce
excessive dissipation at the wall when wall functions are employed
because of the large velocity difference between the wall and the
first point off the wall. To prevent this from occurring, the smoother
should be modified as follows. The standard form of the explicit
fourth-order smoother in the ξ computational direction is

�t∇ξ

[
ψ(4)�ξ�ξ

]
(23)

where

�ξ = ∇ξ�ξ (Jq)n + 1
j (24)

where �t is the time step, �ξ is the central difference operator, and
ψ(4) is the explicit fourth-order smoothing coefficient. The second
derivative term �ξ is normally set to zero at the wall for viscous
calculations. This term is also set to zero at the first point off the
wall when wall functions are used. This effectively turns the fourth-
order smoothing off at the first point off the wall and reduces it
significantly at the second point off the wall.

Once the wall shear stress is calculated using wall functions, the
y+ value of the first point off the wall is known. It is a simple matter
to switch automatically between the wall functions and to integrate
to the wall based on the local value of y+. The turbulence model
chosen should contain the low-Reynolds-number terms required for
the model to be valid in the near-wall region if automatic switching
is implemented. Automatic switching offers advantages in complex
configurations because computational grid points can be saved by
using the larger wall function wall spacings on nonessential portions
of the geometry and integrating to the wall where high-quality skin
friction or heat transfer is required. Automatic switching is also
useful in grid sequencing or multigrid algorithms where the wall
functions can provide an improved estimate of the wall shear stresses
and heat transfer on the coarse mesh solutions.

Applications
The wall function boundary conditions described earlier were

incorporated into the NXAIR14 three-dimensional overset Navier–
Stokes code. NXAIR is an implicit upwind Navier–Stokes code
that employs a Newton subiteration scheme. The code is second-
order accurate in time and third-order accurate in space. NXAIR
includes several implicit solution algorithms and allows for grid
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Fig. 2 Flat plate skin friction predictions for Spalart–Allmaras tur-
bulence model with wall functions for varying initial wall grid point
spacing.

Fig. 3 Flat plate skin-friction predictions for the SST turbulence
model with wall functions for varying initial wall grid point spacing.

sequencing and multigrid solution cycles. The turbulence models
are solved decoupled from the mean flow equations at each Newton
subiteration. The Spalart–Allmaras one-equation and the SST two-
equation turbulence models contained in NXAIR were modified to
include the wall function boundary conditions. The wall function
boundary condition was applied explicitly, although the Newton
subiteration tends to give an implicit flavor to the boundary condition
implementation. The code uses automatic switching when the wall
function option is selected. The wall functions currently perform
the automatic switching at y+ = 5.

Grid Sensitivity for a Flat Plate with Adiabatic Walls
The predicted and theoretical values for the skin-friction distribu-

tion on an adiabatic flat plate with varying initial grid wall spacings
using the Spalart–Allmaras turbulence model are shown in Fig. 2
and using the SST turbulence model are shown in Fig. 3. The theoret-
ical values are from White.15 The y+ = 1 results were not performed
with wall functions and are included for reference. All of the results
shown here used a grid stretching ratio of 1.2. The wall function pre-
dictions of skin friction are very similar for both turbulence models.
The models are in reasonable agreement length Reynolds numbers
Rex above 1.0 × 106. Velocity profiles for the two turbulence mod-
els are shown in Figs. 4 and 5. Again the y+ = 1.0 results were not
run with wall functions and are included for reference. The velocity
profiles are in reasonable agreement with each other and with theory
for all of the wall spacings run here.

Grid Sensitivity for an Axisymmetric Bump
A second example of the grid sensitivity of the wall function

boundary conditions for adiabatic walls that includes a pressure
gradient is the NASA Ames Research Center transonic axisymmet-

Fig. 4 Flat plate velocity profile predictions for Spalart–Allmaras tur-
bulence model with wall functions for varying initial wall grid point
spacing.

Fig. 5 Flat plate velocity profile predictions for SST turbulence model
with wall functions for varying initial wall grid point spacing.

Fig. 6 Geometry for the NASA Ames Research Center axisymmetric
bump experiment.

ric bump experiment.16 The geometry is shown in Fig. 6. The model
consisted of a sharp-lipped hollow cylinder with a 15.2-cm outer
surface diameter. The bump was a circular arc 20.3 cm long and
1.9 cm high that begins 60.3 cm downstream of the cylinder leading
edge. The upstream intersection of the bump and cylinder was faired
with a circular arc. The test was run at a Mach number of 0.875 and
a chord Reynolds number of 2.67 × 106. Surface pressure and laser
velocimetery data were obtained on this configuration.

Both the Spalart–Allmaras and the SST models were run with
varying initial grid wall spacings. Results for the pressure coefficient
for the Spalart–Allmaras model and the SST model are shown in
Figs. 7 and 8, respectively. Results for the velocity distribution at
x/c = 1.0 (the trailing edge of the bump) are shown for the Spalart–
Allmaras and the SST models in Figs. 9 and 10, respectively. The
y+ = 1.0 results were not run with wall functions and are included
for reference. For both the pressure coefficient distribution and the
velocity profile at x/c = 1.0, the results for each model are similar.
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Fig. 7 Pressure coefficient predictions for NASA Ames Research Cen-
ter axisymmetric bump for Spalart–Allmaras turbulence model with
wall functions for varying initial wall grid point spacing.

Fig. 8 Pressure coefficient predictions for NASA Ames Research Cen-
ter axisymmetric bump for SST turbulence model with wall functions
for varying initial wall grid point spacing.

Fig. 9 Velocity distribution at x/c = 1.0 for NASA Ames Research Cen-
ter axisymmetric bump for Spalart–Allmaras turbulence model with
wall functions for varying initial wall grid point spacing.

The results tend to start to diverge for y+ = 200 but are in good
agreement for y+ values of 100 or less. Note that the wall function
produce reasonable results for this shock-induced boundary-layer
separation.

Grid Sensitivity for a Flat Plate with Heat Transfer
Calculating heat transfer accurately can be more difficult than

predicting skin friction. This can be seen in the subsonic flat plate
example when the wall temperature is specified to be 1.5 times the
freestream temperature. The sensitivity of the skin friction and heat

Fig. 10 Velocity distribution at x/c = 1.0 for NASA Ames Research
Center axisymmetric bump for SST turbulence model with wall func-
tions for varying initial wall grid point spacing.

Fig. 11 Effect of wall spacing on skin friction on a flat plate with heat
transfer using Spalart–Allmaras turbulence model.

Fig. 12 Effect of wall spacing on the heat transfer (Stanton number)
on a flat plate using Spalart–Allmaras turbulence model.

transfer result with varying initial grid wall spacing is shown in
Figs. 11 and 12 for the Spalart–Allmaras model and in Figs. 13 and
14 for the SST model. The theoretical results are from White.15 The
y+ = 0.1 results were not run with wall functions and are included
for comparison. The grid stretching ratio was fixed at 1.2 for these
results. Both the skin friction and heat transfer seem to be relatively
insensitive to the wall spacing for the wall spacings presented here
above a length Reynolds number Rex = 1 × 106.

Profiles of velocity and temperature at a length Reynolds number
Rex = 1 × 107 are shown in Figs. 15 and 16, respectively, for the
Spalart–Allmaras model and in Figs. 17 and 18 for the SST model.
Again the y+ = 0.1 results were not run with wall functions and
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Fig. 13 Effect of wall spacing on skin friction on a flat plate with heat
transfer using SST turbulence model.

Fig. 14 Effect of wall spacing on heat transfer (Stanton number) on a
flat plate using SST turbulence model.

Fig. 15 Effect of wall spacing on velocity profile on a flat plate with heat
transfer using Spalart–Allmaras turbulence model and wall functions.

are included for comparison purposes. The wall function results are
in reasonable agreement for all wall spacings investigated for both
turbulence models.

Grid Sensitivity for a Nozzle with Heat Transfer
Flow through a supersonic nozzle with a constant temperature

wall can serve as a test case for evaluating the performance of the
turbulence model in the presence of strong pressure gradients. Back
et al.17 measured the wall pressure distribution and heat transfer for a
converging–diverging nozzle with a throat diameter of 0.0458 m and
an exit diameter of 0.1227 m. High-pressure air was heated by the
internal combustion of methanol and flowed along a cooled constant
area duct with a length of 0.4572 m and a diameter of 0.355 m before
entering the nozzle. The nozzle geometry and boundary conditions

Fig. 16 Effect of wall spacing on temperature profile on a flat plate
with heat transfer using Spalart–Allmaras turbulence model and wall
functions.

Fig. 17 Effect of wall spacing on velocity profile on a flat plate with
heat transfer using the SST turbulence model and wall functions.

Fig. 18 Effect of wall spacing on temperature profile on a flat plate
with heat transfer using the SST turbulence model and wall functions.

are shown in Fig. 19. The gas could be treated as a calorically perfect
gas with a ratio-of-specific heats γ of 1.345. The nozzle exit Mach
number was approximately 2.5. The molecular viscosity and thermal
conductivity were assumed to vary according to Sutherland’s law.

The grid-stretching ratio used in this study was 1.2. Comparisons
of the predicted and measured pressure along the nozzle are shown
in Fig. 20 for the Spalart–Allmaras model and in Fig. 21 for the
SST model. The results for a wall spacing of y+ = 0.1 were not run
with wall functions and are included for reference. The pressure
distribution is seen to be insensitive to the wall spacing. The wall
heat transfer is shown in Fig. 22 for the Spalart–Allmaras model and
in Fig. 23 for the SST model. The SST results for heat transfer are
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Fig. 19 Nozzle geometry.

Fig. 20 Effect of wall spacing on the pressure distribution for a su-
personic nozzle with heat transfer using Spalart–Allmaras turbulence
model and wall functions.

Fig. 21 Effect of wall spacing on pressure distribution for a super-
sonic nozzle with heat transfer using SST turbulence model and wall
functions.

Fig. 22 Effect of wall spacing on heat transfer distribution for a su-
personic nozzle with heat transfer using Spalart–Allmaras turbulence
model and wall functions.

Fig. 23 Effect of wall spacing on heat transfer distribution for a su-
personic nozzle with heat transfer using SST turbulence model and wall
functions.

much less sensitive to the initial wall spacing than are the Spalart–
Allmaras results. The heat transfer predictions are adequate for many
applications even for an initial wall spacing of y+ = 100 and are
probably within the accuracy of the correlations used to define the
wall function.

Conclusions
A general set of wall function boundary conditions has been de-

veloped and demonstrated for compressible flows with and without
heat transfer at the wall. The wall functions are based on coupled pro-
files for velocity and temperature in the lower part of the boundary
layer. The wall function boundary conditions are developed within
a rigid set of assumptions so that a consistent set of relationships
are developed for the wall shear stress, wall heat transfer, and the
turbulence quantities at the first point off the wall. This results in
wall functions that are valid in the sublayer, in the log layer, and in
the transition region between these regions. The wall functions can
be automatically switched on or off locally based on the local value
of y+ when they are used with in conjunction with a low-Reynolds-
number turbulence model formulation.

The wall function boundary conditions were incorporated into
two transport-type turbulence models. The computed results with
the wall functions were in good agreement with theory and with
low Reynolds number results for all of the cases attempted here for
wall spacings of y+ ≤ 100. These larger wall spacings significantly
reduce the number of points required to obtain a turbulent Navier–
Stokes solution and significantly reduce the maximum Courant–
Friedrichs–Lewy number for a viscous solution.
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